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Synopsis   

Ø The premises: biology of fungal networks, apexes, hyphae, thallus, mycelium… 
ü  Why studying Fungi ? 
ü  What is a mycelium for ? 
ü  A Multi-Scale phenomenon… 

 

 
     

 
Ø The future: Other examples of Expanding (or not) Multi-

Scale Networks 

 
     

 

Ø The crux: Fungal Propagation 
ü  A Multi-Scale phenomenon… : random expanding networks may yield fronts !  
ü  Tentative Modeling & Computations; Methodology, On-going work,  Questions  
ü  An interdisciplinary project !  

 
     

Ø An essential diversion:  combustion & flames, reactive 
flows, active fronts… 

ü  A Multi-Scale phenomenon !    
ü  Modeling & High-Performance Computations 
ü  Simplified modeling, Evolution Equations 

 
     

Why studying fungi? 
Plant biomass degradation 

Production of secondary                                                               and enzymes 
Metabolites …            

Development of fungal network 

Soil health 
Molecules of interest in 

industrial and pharmaceutics 
areas 

Bioremediation 

« Bio(Agro)fuel 
production » 

Since soil carbon is 3 times greater than 
atmospheric carbon, soil fungi could hugely 

affect climate change. 

The present Focus 
  

Characterization of 
hyphal growth and 

fungal network 

Fungal networks 
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Fungi 
 
 
 
 

Yeasts 

Filamentous fungi 

Hyphae (mycelium) 

Thallus Branch 
Sporophore 

What is a mycelium for? 
 

1/ Nutrition 
 

Fungi are heterotrophic and absorbotrophic. 
They can live as saprotrophs, symbiots or parasites. 

What is a mycelium for? 
 
 
 
 

2/ Reproduction 
 

Development of sporophores « Ronds de sorcières » / « Fairy rings » 

3/ Communication 

Mycorrhizae and « underground website » 

 
Ex.: Mycorrhization of Beans (Vicia faba) by Rhizophagus irregularis: chemical 
communication via the fungal network when Beans are attacked by aphids 

(Biodiversité du Monde Fongique, 2015) 

What is a mycelium for? 
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(Williams et al., 1989. Forest Insect and Disease) 

What is a mycelium for?  

4/ Colonization 
  
  Ex. Fungal network of Armillaria ostoyae            
  (solidipes) in Oregon 

   8.9 km2 ; at least 2400 years old; ~ 600 tons 
 

What is a mycelium for?  

4/ Colonization 

The hyphal growth yields a fungal network, 
able to adapt to various constraints ? 

 
 

 

ü  Physical/chemical constraints: nutrient deficiency, carbone sources, 
osmotic and oxydative stresses, temperature, hygrometry, electric field… 

 
ü    Mechanical constraints: obstacle, labyrinth… 
 
ü   Biological constraints: other organisms, mutants … 

Ø  Quantitative analysis of growing hyphae: 
speed, hyphae branching 

Ø  Modeling of fungal network growth 

Podospora anserina: a convenient lab model  

ü  Ascomycete  

ü  Non pathogenic 

ü  Genome sequenced 

ü  Easy construction of mutants 

ü  Life cycle : 7 days 

ü  Growth in vitro: 27°C – 9 mm/d 
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Observation system  
 
 Microscopic observation ( × 100 )  Macroscopic ( × 4 ) 

1 

2 

3 

Hyphae 
Thallus 

Belousov-Zhabotinsky reaction, in Petri dishes : reaction/diffusion   

Flames !!!   

Simulation of a 2D methane/air flame in a « turbulent » flow    

An essential diversion:   

combustion & flames, reactive flows, active fronts 

 

ü A Multi-Scale phenomenon !    

ü Modeling & High-Performance Computations 

ü Simplified modeling, Evolution Equations 
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What is Combustion …?   

Ø  Chemical process, globally irreversible & exothermic, coupled with  

Ø  Fluid Dynamics, heat & mass transfer (including radiative transfer) 

Ø  Multiphase Flow… 

Ø  Heat is released through a very thin zone (the flame front) inducing  
ü  high density variations            
ü  strong temperature gradients 

Demoulin CORIA  
1999 
Front propagation in 
spray mixtures 

Propagation of a propane/air

flame

Palm-leis & Strehlow, 1969.

Cellular instabilities for a

plane front

Photos J. Quinard, 1990.

Y. D’Angelo . () 2 mai 2010 1 / 31

Pre-mixed flames: Experiments   

Liu et al 2010, CORIA MesoChamber 
8 x 8 x 10 mm3 

Spark Ignition , Groff, 1982 Quinard et al, 2015, IRPHE 

How to model flames ? Raw, « Full » Modeling: coupled NL/Stiff PDEs  

Ø  Small-scale equations are known !  
compressible, Low-Mach, Turbulence, stiff complex chemistry, complex molecular transport,  
soot, radiative transfer, acoustics, shock waves, detonation, multiphase, phase change… 

Le flux de chaleur intervenant dans l’équation de conservation de l’énergie (5.4) est
donné par la loi de Fourier :

qsl = −λsl∇Tsl, (5.13)

où λsl est la conductivité thermique du solide.

5.1.2 Phase gazeuse

Dans cette section, on présente les équations instationnaires régissant le milieu multi-
espèces réactif gazeux [5][6].

Équations générales de conservation

La conservation de la masse totale s’écrit :

∂tρg + ∇. (ρgug) = 0, (5.14)

où ρg est la masse volumique du gaz et ug est la vitesse dans le gaz.
L’équation de conservation de la ke espèce se présente sous la forme :

∂t (ρgYk) + ∇. (ρgYkug + Fk) = Mkωk, (5.15)

où Yk est la fraction massique de la ke espèce, Fk est le flux de diffusion de la ke espèce,
Mk la masse volumique de la ke espèce et ωk le taux molaire de production chimique de
la ke espèce. En pratique, on introduit la vitesse de diffusion de la ke espèce définie par :

Uk =
Fk

ρgYk
. (5.16)

L’écriture générale de l’équation de conservation de la quantité de mouvement d’un
mélange gazeux contenant ng espèces gazeuses est la suivante :

∂t (ρgug) + ∇. (ρgug ⊗ ug + Pg) =
∑

1≤k≤ng

ρgYkbk, (5.17)

où Pg est le tenseur des pressions et bk l’ensemble des forces extérieures massiques
agissant sur l’espèce k. Il est important de noter la différence de signe entre le flux de
quantité de mouvement en phase gazeuse et le tenseur de Cauchy dans la phase solide.
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où Yk est la fraction massique de la ke espèce, Fk est le flux de diffusion de la ke espèce,
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L’énergie massique totale vérifie l’équation de conservation locale suivante :

∂t

(
ρg

(
eg +

u2
g

2

))
+ ∇.

(
ρg

(
eg +

u2
g

2

)
ug

+qg + Pg.ug

)
= ρg

∑

1≤k≤ng

Yk (ug + Uk) .bk, (5.18)

où qg représente le vecteur flux de chaleur en phase gazeuse. Le produit scalaire entre
la vitesse ug et l’équation de conservation de la quantité de mouvement (5.17) permet
d’obtenir une équation vérifiée par l’énergie cinétique du gaz. En soustrayant l’équation
ainsi obtenue à l’équation (5.18), il vient, après manipulations, une équation vérifiée par
l’énergie interne massique eg du gaz :

∂t (ρgeg) + ∇. (ρgegug + qg) = −Pg : Dg +
∑

1≤k≤ng

Fk.bk, (5.19)

où Dg est le gradient du champs de vitesse en phase gazeuse défini par :

Dg = ∇ug. (5.20)

La conservation de l’énergie dans le gaz peut s’écrire sous la forme d’une équation vérifiée
par l’enthalpie du gaz, puis par la température du gaz. Ces deux formes seront présentées
à la fin de la section suivante précisant le calcul des grandeurs thermodynamiques en
milieu réactif multi-espèces.

Thermodynamique

La masse volumique du gaz, la pression p et la température Tg dans le gaz sont liées
par la loi d’état des gaz parfaits :

ρg =
pM̄

RTg
, (5.21)

où M̄ est la masse molaire moyenne du mélange, R la constante des gaz parfaits et Tg

la température du gaz. La masse molaire moyenne M̄ du mélange est définie par :

∑
1≤k≤ng

Yk

M̄
=

∑

1≤k≤ng

Yk

Mk
. (5.22)

L’énergie interne massique totale du mélange se définit en fonction des énergies internes
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de sorte que :

hk = hst
k +

∫ Tg

T st

cpk (T ′) dT ′, (5.30)

où hst
k = est

k + RT st/Mk est l’enthalpie massique de formation de la ke espèce à la
température standard T st. Enfin, la capacité thermique massique à pression constante
cpg du mélange se déduit de la relation :

cpg =
∑

1≤k≤ng

Ykcpk, (5.31)

de sorte que

cpg = cvg +
∑

1≤k≤ng

R
Yk

Mk
. (5.32)

A présent, en combinant l’équation de conservation de l’énergie interne (5.19) et l’ex-
pression de l’enthalpie du mélange (5.28), il vient l’équation de conservation suivante
vérifiée par l’enthalpie totale massique du mélange :

∂t (ρghg) + ∇.
(
(ρghg − p)ug + qg

)
= −Pg : Dg +

∑

1≤k≤ng

Fk.bk + ∂tp. (5.33)

Après calculs, on peut également écrire la conservation de l’énergie sous la forme d’une
équation vérifiée par la température :

ρgcpg

(
∂tTg + ug.∇Tg

)
+ ∇.

(
− pug + qg −

∑

1≤k≤ng

hkFk

)
= −Pg : Dg + ∂tp

+
∑

1≤k≤ng

Fk.bk −
( ∑

1≤k≤ng

Fkcpk

)
.∇Tg −

∑

1≤k≤ng

hkMkωk. (5.34)

Chimie

On considère un ensemble de r réactions chimiques impliquant ng espèces réactives.
Ce système réactif peut s’écrire :

∑

1≤k≤ng

νf
kiχk

−→←−
∑

1≤k≤ng

νb
kiχk, 1 ≤ i ≤ r, (5.35)
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massiques de chaque espèce selon la relation :

eg =
∑

1≤k≤ng

Ykek, (5.23)

où ek est l’énergie interne massique de la ke espèce. Cette dernière quantité est définie
par la relation :

ek = est
k +

∫ T

T st

cvk (T ′) dT ′, (5.24)

où est
k = ek (T st) est l’énergie interne massique de formation de la ke espèce à la

température standard T st et cvk est la capacité thermique massique à volume constant
de la ke espèce. On peut alors définir la capacité thermique massique à volume constant
cvg du mélange gazeux par :

cvg =
∑

1≤k≤ng

Ykcvk. (5.25)

L’enthalpie massique hk de la ke espèce s’écrit en fonction de son énergie interne mas-
sique ek :

hk = ek +
RTg

Mk
. (5.26)

L’enthalpie massique totale hg du mélange est alors donnée par la relation :

hg =
∑

1≤k≤ng

Ykhk. (5.27)

On montre alors que l’on a la relation suivante :

hg = eg +
p

ρg
. (5.28)

On introduit également la capacité thermique massique à pression constante cpk de la
ke espèce :

cpk = cvk +
R

Mk
, (5.29)
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Ø   RANS, U-RANS, LES,  DES, DNS… 

Turbulence + Turbulent Combustion Modeling, Skeletal or Complex Chemistry, Simplified or Complex 
(molecular) Transport, Sub-Grid Scale Modelling… 

Ø   Thin fronts: equation(s) for the front, Evolution Equation Modeling  

(e.g. a perturbative approach, based on density contrast asymptotics) 

Effective Modeling ?  

13-12-2012   Thèse B. Leveugle 

Direct Numerical Simulation 

       DNS        LES                     RANS 

14 

Well resolved LES Coarse-Grained LES 

« Soccer-Ball » Flame (cf. Zel’dovich) 

d-correlated forcing    

+u0

« Cauliflower » flames  

Evolution-Equation Modeling approach 
 

Spectral (Fourier-Legendre) resolution in space, coupled with ETDRK schemes in time 

Comparison of 3D EEM results (equatorial cuts) with experiments by Lecordier (1999)  

Notice the angular invariance !   

EEM 

EEM EXP 

EXP 

Eq. (18). For this case, we plot on Fig. 16 the results obtained by
simultaneously varying the Lu parameter down to 120 lm. Again,
the results are quite similar to the one of Fig. 14. We also tried to
increase the value of a even more, up to the arbitrary value of 2.5,
without noticing any qualitative change in the results. For the sake
of brevity, these results are not shown here.

Finally, we compare EEM with DNS results of Figs. 9 and 10 and
corresponding equatorial sections of Fig. 11. Figure 17 show the
time evolution of 3D contours of a sample EEM computation while
Fig. 18 show the temporal evolution of equatorial sections.
Although the EEM front may seem slightly more corrugated, the vi-
sual resemblance is striking.
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Fig. 16. Comparison of DNS, EEM and experimental results from [4]. Time evolution of radii RP (a) and RS (b); evolution of stretch k (c), consumption speed SC (d) and mean
turbulent velocity ST (e) as a function of RS; evolution of SC as a function of k (f). The set of used input parameters is: Lu ¼ 120 lm; aðaÞ ’ 2:07 (best fit for planar flames, cf.
[37]) and b = 0.6.
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Fungi and Flames ?   

Propagating Fronts in Fluid Dynamics  

Pre-mixed Flames, Detonations, Deflagration-to-Detonation Transition 

Oran et al.  

Simulation of a Type Ia Supernova Delayed Detonation

Ia Type Supernovae :« Burning of carbon and oxygen to heavier elements, notably nickel 56 » 

Oran et al.  

 Leclerc et al, 2017  

Fungal Fronts Propagation 

How much does a Thallus Growth 
resemble (or not) a Flame Propagation ?    
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 Leclerc et al  

Thalle 27°C 
D2 

1,4 mm  Leclerc et al  

  
  Fungal network of Armillaria ostoyae             
 (solidipes) in Oregon    8.9 km2 ; at least 2400 years old; 600 tons 

 

27°C D2 22°C D2 35°C D2 

18°C D3 35°C D3 

Reconstitution of thallus, under constraints 
 
 
 
 

 Leclerc et al  
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Different levels of descriptions 
1  Microscopic Scale  

 Trajectories Xi , Vi of each « particle » (the apex, i.e. the tip of 
 the hypha), including histories 

 

 
3  Macroscopic Scale  

 Evolution of observable quantities (concentrations, velocity field, network,  
 number of apexes, …) :    Balance Equations,  
         System of coupled nonlinear PDEs 

 
4  Evolution Equation for the Front itself !  

        EEM   

 
2  Mesoscopic Scale  

 Evolution of  f (X,V,t)  
At time t, the number of particles within      and with velocity in      is  
 Z

X

Z

V
f(X,V, t)dXdV

X V

 Evolution of the Two-Dimensional hyphal network of  P. Anserina  
    

 
 
Ø  Several microscopic features:  motion, branching, sub-branching, self-avoidance... 

Ø Aim of the mathematical model 

ü  Rigorous description of (some of) the microscopic phenomena 

ü  Multi-scale modelling: from the micro to the mesoscopic scales (then to larger scales) 

ü  Mathematical tools at the micro/meso scopic level:  

    branching, sub-branching, anastomosis, 

    mean-field interacting particles system with memory, coupled with PDEs. 

Motion   
 
 
Ø  The apexes are characterized by their velocity and position  
Ø  Inertial motion with friction … 
Ø  … as well as some randomness  
 •

•

•
X

i

i V

i

8
>><

>>:

X

i

t

t

= V

i

t

V

i

t

t

= ��V i

t

+ �
B

i

t

t

(B i )
i2N

•

Ø  The apexes evolve in a nutrient field: they tend to move towards regions where more 
nutrient is present. 

Ø  The living hyphal network consumes the nutrients, within a certain distance around it. 
Ø  The nutrient field can be modeled as a (network-coupled) repulsive potential 
Ø  The apexes (the particles) are moving within the potential. 

Motion within a nutrient field 

IDÉES ANR

RÉMI CATELLIER

1. modeling

Let us first recall the proposed modeling.
• At time t 2 [0, T ] there are N

N
t particles, “alive” (i.e. moving) or having lived, and the

initial value is N

N
0 = N .

• The i� th particle appears at time T

i,N and disappears at time ⇥

i,N .
• For t 2 [T

i,N
,⇥

i,N
), the motion of the i � th particle is driven by the following set of

kinetic equations :
(
dX

i,N
t = V

i,N
t dt

dV

i,N
t = ��V

i,N
t dt+rC

N
(t,X

i,N
t ) dt+ � dB

i
t

,

where
�
(B

i
t)t2[0,T ]

�
i2 is a family of independent standard Brownian motions, � denotes

the friction coefficient, and C

N denotes a potential (nutrient or something else). Here,
the sign in front of the gradient of the nutrient field denotes the tendency of the particle
to leave and/or avoid the locations where the value of the potential field is low.

• The equation for C

N is the following :

@tC
N

=

�

2
C

2

�C

N � bK ⇤ � N
t
(x)C

N
,

The network consumes the nutrient field. Since the hyphae are not pure mathematical
curves (as in the modeling) but do possess a physical dimension (a non-zero thickness),
the kernel K :

d ! d reintroduces this finite dimension for the apexes. We have

K(x) =

1

(2⇡l

2
H)

d
2

exp

⇣
� |x|2

2l

2
H

⌘
,

and lH is the typical dimension of an hypha ; b is a constant measuring the rate of
consumption of the nutrient by the network.

• The measure � N
t
(dx) is the uniform measure on the network. Using curvilinear abscissa

(see Equation (7)), we have

� t =
1

N

Z t

0

NN
sX

i=1
[T i,N ,⇥i,N )(s)

��
V

i,N
s

��
�

Xi,N
s

(dx) ds,

Note that � N
t
(dx) has the dimension of a distance times a measure on d : it has the

dimension of md+1, and K ⇤ � t is a length.
• A particle is created at a tip (apex) with respect to a Poisson Point Process of compen-

sator

1

⌧A
�0(dv)| {z }

A

1

N

NN
tX

i=1
[T i,N ,⇥i,N )(t)�Xi,N

t
(x)

| {z }
B

dt|{z}
C

.

Unviersité de Nice Sophia Antipolis, LJAD

E-mail address: remi.catellier@unice.fr.
Date: 7 février 2018.

1
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Branching within the Tips 

Ø  The apexes are the TIPS of the branching network. 
Ø  The apexes may branch and give birth to a new (additional) apex. 

  Creation (sub-branching) and Merging 
 
Ø  An apex can appear along a branch within the living network. 
Ø  Conversely, when an apex meets the living network, anastomosis may occur. 

Ascopore 
1cm  x  1cm  
30h20 experiment duration 
20 min between 2 images, 91 images 

Dikec, Leclerc et all, Work in progress 

Ricci et al  
(Work in progress) 

 
Statistical Analysis : 

Olivier et al  
Work in progress… 

Different levels of descriptions 
1  Microscopic Scale  

 Trajectories Xi , Vi of each « particle » (the apex, i.e. the tip of 
 the hypha), including histories 

 

 
3  Macroscopic Scale  

 Evolution of observable quantities (concentrations, velocity field, network,  
 number of apexes, …) :    Balance Equations,  
         System of coupled nonlinear PDEs 

 
4  Evolution Equation for the Front itself !  

        EEM   

 
2  Mesoscopic Scale  

 Evolution of  f (X,V,t)  
At time t, the number of particles within      and with velocity in      is  
 Z

X

Z

V
f(X,V, t)dXdV

X V

1-2-3-4  bis Above Mathematics and Benchmarking,  
   Numerical analysis and HP computations !!!  
      As well as Physical/Biological Interpretation  

Dynamic observation of thallus growth: presence of an obstacle 

 Leclerc et al  
Work in progress 

The Thallus DOES NOT behave 
exactly like a flame… 



23/05/18 

11 

Dynamic Expanding Networks 

Social networks 

Neural networks 

Organ Growth in Mammals (here 
kidney growth, Cell, 2017)  

 
 

Angiogenesis in tumor growth

When it arrives in contact with blood vessels, it starts a complex
mechanism of growth of new branches of the vessels.
The new branches move a little bit at random but with a preferred
direction along the VEGF gradient, hence moving in the direction of the
tumor. New branches start both from the original vessels and form the
new ones. Sometimes the new vessels meet each other, merge and for a
loop, phenomenon called anastomosis: these loops are useful for blood
circulation.

Franco Flandoli, Scuola Normale Superiore of Pisa ()increasing networks Nice, DENA 2017 4 / 28

Tumor Growth, anastomosis  

Population Dynamics, Epidemiology 
The clip depicts the time course of a simulated 
pandemic with initial outbreak in Atlanta, USA. The 
panels on the left and right depict the same simulation, 
only in different representations. On the left one 
observes a concentric, expanding wave front in the 
effective distance representation. The same simulation 
exhibits more complex spatio-temporal structure in the 
conventional geographic representation on the right.  
(Brockman et al, science, 2014). 

An example of inter-industry network of 
a national economy. McNerley et al., 
Physica D, 2013 

Conclusions, Perspectives 

Ø  Interdisciplinary Project : biology, physics, thermodynamics, probabilistic modeling and 
analysis, statistics, PDEs, control theory, optimization, numerical analysis, scientific 
computing, HPC… 

Ø  Multi-scale Analysis: micro, meso, macro, kinetic equations, fronts, EEM… 

Ø  Many other possible applications, including human health, cancer growth modeling, economy, 
fake news spreading, neural networks, mammal organs growth… 

Ø  About 15 people involved in Nice, Paris area, Florence, Pisa… 

Ø  Hands (and brains) required ! 

The DENA Project  
 
LJAD  
Rémi Catellier 
Laurent Monasse 
Thierry Goudon 
Yves D’Angelo 

Scuola Normale di Pisa  
Cristiano Ricci 

Franco Flandoli 
 
LIED Paris–Diderot Biology Group 
Gwënael Ruprich-Robert 
Jonathan Dikec 
Hervé Lalucque 
Florence Leclerc 
 
 

LIED Paris–Diderot Physics Group 
Cécilia Bobée 

Eric Herbert 
Christophe Goupil 

 
CMAP Ecole Polytechnique  
Jules Depersin 
Amandine Véber 
 

LMO Orsay 
Adélaïde Olivier  

Speakers : 

    Rob Arkowitz (Université de Nice)
    Martine Bassilana (Université de Nice)
    Florence Besse (Université de Nice)
    Rémi Catellier (Université de Nice)
    Laurent Counillon (Université de Nice)
    Franco Flandoli (Università di Pisa)
    Christophe Goupil (Université Paris-Diderot)
    Éric Herbert (Université Paris-Diderot)
    Florence Chapeland-Leclerc (Université Paris-Descartes)
    Xavier Noblin (Université de Nice)
    Adélaïde Olivier (Université Paris Sud Orsay)
    Cristiano Ricci (Università degli Studi di Firenze)
    Amandine Véber (École Polytechnique)

Organizing commitee

Isabelle de Angelis, Rémi Catellier & 
Yves D’Angelo

DENA 2017

Workshop on Dynamic Expanding Networks,

Modeling, Analysis and Simulation of multi-scale spatial 

exploration under constraints

NICE

Laboratoire Jean-Alexandre Dieudonné

22-23 November 2017

Thanks !  


